Abstract-A criterion for the choice of optimal softening length for the potential and the choice of time step dt for N -body simulations of a collisionless stellar system is analyzed. Plummer and Hernquist spheres are used as models to analyze how changes in various parameters of an initially equilibrium stable model depend on and dt. These dependences are used to derive a criterion for choosing and dt. The resulting criterion is compared to Merritt's criterion for choosing the softening length, which is based on minimizing the mean irregular force acting on a particle with unit mass. Our criterion for choosing and dt indicate that must be a factor of 1.5−2 smaller than the mean distance between particles in the densest regions to be resolved. The time step must always be adjusted to the chosen (the particle must, on average, travel a distance smaller than 0.5 during one time step). An algorithm for solving N -body problems with adaptive variations of the softening length is discussed in connection with the task of choosing , but is found not to be promising.
INTRODUCTION
The evolution of gravitating systems on time intervals shorter than the time scale for two-body relaxation is described by the collisionless Boltzmann equation. The number of particles in N -body simulations of such systems is usually several orders of magnitude smaller than the number of stars in real systems. This approach usually involves solving the collisionless Boltzmann equation using Monte Carlo methods, and then using particles in the N -body simulations to produce a representation of the density distribution in the system. In practice, integrating the equations of motion of the particles involves smoothing the pointwise potential of each individual particle, e.g., by substituting a Plummer sphere potential for the actual potential. This procedure modifies the law governing the interactions between particles at small distances:
where F real ij and F soft ij are the real and softened forces, respectively, on a particle of mass m i located at point r i produced by a particle of mass m j located at point r j , and is the softening length for the potential. Other methods of the softening length for the potential are possible.
Potential smoothing is used in N -body simulations for two reasons.
First, attempts to solve the equations of motion of gravitating points using purely Newtonian potentials and simple constant-step integration always lead to problems during close pair encounters (the integration scheme diverges). Correct modeling of such systems requires the use of either variable-step integrating algorithms or sophisticated regularization methods, which lead to unreasonably long CPU times. No such problems arise when a softened potential is used.
Second, smoothing the potential reduces the "graininess" of the particle distribution, thereby making the potential of the model system more similar to that of a system with a smooth density distribution, i.e., a system described by the collisionless Boltzmann equation.
It is obvious that cannot be too large: this would result in substantial distortion of the potential, and would also impose strong constraints on the spatial resolution of structural features of the system. It is important to have an objective criterion for choosing the softening length in N -body simulations. In this paper, we derive such a criterion by analyzing the time variations of the distribution functions for spherically symmetric models with different values of . mean irregular force acting on a particle. He introduced the mean integrated square error (MISE), which characterizes the difference between the force produced by a discrete set of N bodies and the force acting in a system with a continuous density distribution ρ(r):
MERRITT'S CRITERION FOR CHOOSING
Here, E denotes averaging over many realizations of the system, F(r, ) is the force acting on a particle with unit mass located at the point r produced by N particles with softened potentials, and F true (r) is the force acting on the same particle in a system with a continuous density distribution ρ(r).
Two factors contribute to the MISE.
(1) Fluctuations of the discrete density distribution. These are very important at small , decrease with (see the left-hand branch of the curve in Fig. 1 ) and for a given , decrease with increasing N [1].
(2) Errors in the representation of the potential (the difference between the softened potential and a point-mass potential). These errors, on the contrary, are very large for large , decrease with decreasing , and do not depend on N (the right-hand branch of the curve in Fig. 1 ).
The MISE reaches its minimum at some = m (Fig. 1) . Merritt suggested that this m be adopted as the optimal choice of the softening length in N -body simulations. This quantity depends on N and, e.g., in the case of a Plummer model, can be approximated by the dependence m ≈ 0.58 N −0.26 in the interval N = 30−300 000 (in virial units, where G = 1, the total mass of the model is M tot = 1, and the total energy of the system is E tot = −1/4) [2].
FORMULATION OF THE PROBLEM
Merritt's criterion is based on minimizing the mean error in the representation of the force in an equilibrium system at the initial time. It is of interest to derive a criterion for choosing the softening length based directly on the dynamics of the system. If a stable equilibrium configuration is described by a discrete set of N bodies, due to various errors, the parameters of the system (e.g., the effective radius) will deviate from their initial values with time. The smaller these deviations are, the more adequately the model reproduces the dynamics of the system. It is reasonable to suppose that these variations will be minimized for some . We analyzed two equilibrium models: a Plummersphere model,
as an example of a model with a nearly uniform density distribution, and a Hernquist-sphere model,
with an isotropic velocity distribution [3] , as an example of a model with a strongly nonuniform density distribution. In (3) and (4), a P and a H are the scale lengths of the density distributions for the Plummer and Hernquist models (the Plummer and Hernquist models contain about 35 and 25% of their total masses inside the radii a P and a H , respectively). We use here virial units (G = 1, M tot = 1, E tot = −1/4), for which a P = 3π/16 ≈ 0.59 and a H = 1/3. We computed the gravitation force using the TREE method [4] . In the computations, we set the parameter θ, which is responsible for the accuracy of the computation of the force in the adopted algorithm, equal to 0.75. Test simulations made with higher (θ = 0.5) and lower (θ = 1.0) accuracy showed that our conclusions are independent of θ within the indicated interval. Hernquist et al. [5] showed that the errors in the representation of the force in the TREE method are smaller than the errors due to smoothing of the potential, so that the above approach can be used to solve the formulated problem. We integrated the equations of motion of the particles using a standard leap-frog scheme with second order of accuracy in time step. The number of particles was N = 10 000, and the computations were carried out in the NEMO [6] software package.
